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Random Matrix Theory (RMT)

o developed by Wigner and Dyson to describe nuclear spectra (1959-1962)

o universal features: level spacing, Coulomb repulsion, Wigner surmise, fluctuations

o non-universal behaviour: spectral density

example:
o successfully applied in QCD to describe Dirac operator

JJM Verbaarschot and T Wettig, Random matrix theory and chiral symmetry in QCD
Ann. Rev. Nucl. Part. Sci. 50 (2000) 343 [arXiv:hep-ph/0003017 [hep-ph]].
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https://inspirehep.net/literature/524532

Multiple hidden layers

RMT and machine learning

Q0000

o different context: machine learning and weight matrix dynamics

o neural networks: layers of nodes, connected by weight matrices

o weight matrices are updated using e.g. stochastic gradient descent (SGD)
o stochastic matrix dynamics = Dyson Brownian motion - RMT features

** aim: further understanding of learning by characterising weight matrix dynamics

*» identify universal behaviour and limitations of SGD during and after training



Outline

some general comments on stochastic weight matrix updates

connection to Dyson Brownian motion and stochastic Coulomb gas

universal properties of stationary distribution

application in Restricted Boltzmann Machine (RBM) and Transformer (nano-GPT)

summary and outlook



Stochastic weight matrix dynamics

consider some M x N weight matrix W
update (e.g. stochastic gradient descent): W — W' =W + W with W = —a—
obtained from loss function L[W], learning rate «

OW is estimated using a batch B with batch size |B|: {Wiz = — ZéWb

fluctuations controlled by finite batch size (CLT): iVar(5W)

|B|



Stochastic weight matrix dynamics

o stochasticupdate W — W' =W + W becomes

SW = §Wg + ——/Var(5W)n

VIB|

o orin terms of the gradient of the loss function:

W' =W — a(dc) f Var(5£>n mi; ~ N(0,1)
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From rectangular to symmetric matrices

W is M x N matrix: singular value decomposition: W = U=vt
vt =1 vvli=1

singular values: & (i=1...N) [take N < M without loss of generality]

introduce symmetric semi-positive combination: X = W'W = VDV’

and focus on the singular/eigenvalues (invariant under left/right rotations on W ):

=E='E =diag (&7, ..., &) = diag (21, ..., zn)

stochastic dynamics: X—>X'=X+6Xp+ L\/Var(éX)n

\/@ :



Initialisation: Marchenko-Pastur distribution

o if initial weight matrix W;; ~ N(0, o?) then X follows Marchenko-Pastur distribution

1
- 2mo2Mrx

Pup(z) Viz, —z)(z —z_) r_.<zcz<zy r=N/M<I1 xi:M&(liﬁ)Q

v how to choose ¢ distribution should depend on 7 only, safe to take large N, M limit

v spectrum is bounded for all 7 (relevant for RBMs below) : 02 = 1/M N<M

1
PMP(x)szrx\/(x+_x)($_x_) 0<z_<zx<lzx, <4 SL‘i=(1:I:\/fF)2




Stochastic matrix dynamics: Dyson Brownian
motion and the stochastic Coulomb gas

o framework to consider stochastic matrix dynamics for symmetric matrix X

o Dyson Brownian motion (in continuous time for now, see below):

dX;i
o = Kii(X) +/Aijnig

o eigenvalues then evolve according to

dxi—K-(m)-I—Z %1 Vg,
di — Ng\ Ly s T — gini

= Kz.(eﬁ) (z;) + V2g:m; where \/4,; = v/2g;

10



Dyson Brownian motion, stochastic Coulomb gas

+v2g;m;

da:
eigenvalues dynamics: — = Ki(z;) + Z

J#1 Ti T xj

can be derived using 2nd order perturbation theory
Coulomb term: eigenvalue repulsion [Wigner, Dyson 1959-1962, for nuclear spectra]

Fokker-Planck equation (FPE) for distribution of eigenvalues:

P({z:},1 Zamz (9202, — KV (@) | P({ai}, 1

11



Dyson Brownian motion, stochastic Coulomb gas

e 9, P({zi},t) = Za% [(928 ~ KD (g ))]P({xi},t)

stationary distribution: P, ({z;}) = H z; — ;| e 2 Vi(zi)/9;
z<J
with partition function: 7 — /d:cl ...dzy P,({z;})
and provided drift can be derived from a potential K;(z;) = —d‘f;(xi)
L

known as Coulomb gas, describes universal features of random matrices

12



Back to weight matrix dynamics

1
stochastic dynamics X — X' = X +6Xpg+ —B|\/Var((5X)n

VIB|

what can be carried over from Dyson’s matrix dynamics? implications? universality?

2
eigenvalue equation: z; — x,’L =x; +0x; + Ji + \/igmz-
— Li — Xy
J#i
make explicit learning rate and batch size dependence
a ~
oz, = aK; e gi ~ Var(6L/5W)| .

gi g;
val<l

13



Back to weight matrix dynamics

2
g.
o eigenvalue dynamics:  Ti — Tj = ¥; + 0x; + Z - — — v2gim,
gAY
o insert learning rate and batch size dependence:
2 ~9
o : o .
T, —> :Cg =x;+aK; + — Ji \/597;772'

_|_
Bl & z—2; /Bl

o no usual scaling of drift and noise with learning rate (Ito calculus: € ,v/€ ):
no obvious continuous time limit (SDE), only in some weak sense

QLi, C Taiand W E [1511.06251] S Yaida [1810.00004]

o known issue: from SGD to SDE but is in fact blessing (see below)

14



o? g?
xi—>x2:$z‘+OAKi+—Z : fgznz

Bl <= @i — \/IBI

Stationary distribution

1
distribution for fixed a, [B| :  P,({z;}) = ~ H |z — x| e 2 Vil@i)/9;
i<j

make explicit dependence on learning rate and batch size

G = ——3 Vi(z:) = aVi(z,) Vi) _ 1 Vi)

V18] R @ o/IB

if drift vanishes at z; = z° , expand potential Vj(z;) = Vi(z )—I— Q (; — )+ ...

exponential is Gaussian with variance o7 = (a/|B|) (gf/Qz)

universal scaling with model-dependent
learning rate and batch size factor 15



Linear scaling relation

o dependence on a/|B| in training has been observed before, empirically

v P. Goyal, P. Dollar, R.B. Girshick, P. Noordhuis, L. Wesolowski, A. Kyrola et al.,

Accurate, Large Minibatch SGD: Training ImageNet in 1 Hour [1706.02677]
v" S.L. Smith and Q.V. Le,

A Bayesian Perspective on Generalization and Stochastic Gradient Descent [1710.06451]
v" S.L. Smith, P. Kindermans and Q.V. Le,

Don’t Decay the Learning Rate, Increase the Batch Size [1711.00489]

o finds a natural place in the framework of Dyson Brownian motion and Coulomb gas

16



Applications and implications

so far, the derivation is general: prediction of eigenvalue distribution after learning
apply to actual ML models to observe universal features and support derivation

teacher-student model builds on previous analysis of RBM:

GA, B Lucini, C Park, Phys. Rev. D 109 (2024) 034521

. . . [2309.15002 [hep-lat]]
Gaussian Restricted Boltzmann Machine current analysis: PRE 111 (2025) 1, 015303

[2407.16427 [cond-mat.dis-nn]]

GA, O Hajizadeh, B Lucini, C Park

Transformer 2411.13512 [cond-mat.dis-nn]

17
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Restricted Boltzmann Machine: generative network

o energy-based method
Information forwarding & retrieval

-
»
.y

o probability distribution

i, i € (1,N,) ha, @ € (1, N3) o binary or continuous d.o.f.
, L ~sn)
Wia p(¢7 h) — Ze ’
Visible Hidden

7 = / D¢Dh e~ 5@

18
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Scalar field RBM

1

distribution:  p(¢, h) = —e @M S(¢,h) = ~pP¢Td + ——(h —n)T(h —n) —

Z

M x N = N, x Nj weight matrix W

induced distribution on visible layer  p(¢) = /th(qb, h) = %exp (—%CbTKfﬁ + JT¢>

kernel K = p?ll — o WW?! = p21 — c2USETUT = U [p?1 — 02227 UT = UDKUT

: ST 2 242 2 2 ¢#2 2 242 2 2
eigenvalues DK—dlag(y — 0 &, 0 — 015, —ahfj\L,,u T} )
N MZN

19



Scalar field RBM as a lattice field theory

o treat RBM as a lattice field theory with bi-linear quadratic action

o induced distribution on visible layer

/th¢, —eXp __Z¢z zy¢j+2‘]¢z

o all information is stored in quadratic operator, with spectrum

DK — dlag(gz o 0-}27,6-%7/1'2 o 0-127,6-%7 . '7/'1'2 o U}%&Jz\p uza s 7/'1'2)

_J/

-~

N M—-N

20



Scalar field RBM as an ultraviolet regulator

o spectrum

Dy = diag(p* — 038}, 1" — 0,63, -, 1°

" "~

Nh Nv_Nh

2 ¢2 2 2
_o-h,gNy/j yeee oy M )

_J/

o what if N, < NN, ? not all eigenvalues can be reproduced
o role of hyperparameter ,u2 ? if chosen too low, not all eigenvalues can be reproduced

% both NV}, and ,uz act as ultraviolet regulators

GA, B Lucini, C Park, Phys. Rev. D 109 (2024) 034521 [2309.15002 [hep-lat]]

21


https://arxiv.org/abs/2309.15002

RBM as ultraviolet regulator

o apply to MNIST data set (28 x 28 images)

o compute spectrum of two-point 61 infrared — 6.572
—— 4.806
—1
correlator KZ.]. — <¢i¢j>data g
—— 3650 |
: 1 §4 = — 3297
o inverse spectrum 1/k - -
P / < 2.920 _
— —— 2216
. 9L 1.953
o infrared safe -
1.596
. . ultraviolet 1.428
o ultraviolet divergent 0 -

784 eigenvalues 22
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MNIST with fixed RBM mass

O

N, =N,=784

fixed RBM mass p = 100

O

spectrum regulated

infrared modes learned
approximately correctly

(see below)

oyl

||||! 1
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i iy
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(@)
e
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600000

N | :
800000

1000000

; | : . | .
200000 400000
Epoch
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MNIST with N, < N,

what is the effect of

Q
s
X

Q.

&

O

o
=

oT0)
=
O
=

o
=

spectrum?

225

(b) Np

= 784

(a) Np

removal of

)]
)
ye)
O
S
i)
X
9
>
(40)
-
.
>

affects

generative power

(f) N = 4
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Back to Dyson Brownian motion

weight matrix is updated using persistent contrastive divergence (PCD)

0L
maximise likelihood/minimise KL divergence STV, = U%(<¢i¢j>target — (¢i¢j>mode1) Wi

denote eigenvalues of X = WIW as z;

PCD is stochastic:

2 ~2
(8 ' (0 _

Bl <= zi —x;  \/|B]

25



Back to Dyson Brownian motion

0L

o maximise likelihood/minimise KL divergence
oWiq

= 04 ((¢idj)target — (Pi®;)model) Wia

o denote target distribution has eigenvalues with k;

o drift in instantaneous eigen-basis: Ki(x;) = (l - — ! ) x;
Ki K7 — &y

o fixed point of drift: x; = u? — K , spectrum learnt correctly

o where can we observe the effects of RMT?

26



Scalar field RBM

implement for simple target distribution: scalar field in LFT in 1 dimension

. . . . 2 . 9 0 2Tk
spectrum is free dispersion relation: Kr = m” + piy , = m” +2 — 2cos N
v

each mode is doubly degenerate, except lowest and highest one

example for 10 modes

degenerate modes split for clarity

27



RBM evolution

weight matrix updates using persistent contrastive divergence with mini-batches

4 ' | I 1 T ] T | | | T
i —— Marchenko-Pastur | |
3 IR R S /*LQ_K;Z _ _
: o

=9 - o P -
= P : : o

0 | ] ] ] | . ] 1 l 1 h_

0 1 2 3 4 5 6 1 2 3 4 5 6

x x

initial Marchenko-Pastur distribution towards target spectrum
28



RBM evolution and RMT universality

o weight matrix updates using persistent contrastive divergence with mini-batches

o no sharp lines, distributions around target spectrum

o test predictions from RMT:

= jnduced Coulomb term and eigenvalue
repulsion (universal)

= potential from drift (non-universal)




Universal RMT predictions

consider two degenerate modes only: Coulomb gas description

1 V(o 1
4= Fo/dmldﬂfz |1 — 3| eV E172) V{21, 2) = 202 (21 = 8)" + (@2 — )]

eigenvalues x1,x2 cannot both be equal to k due to Coulomb repulsion

two ways to detect this: Wigner surmise and Wigner semi-circle

Wigner surmise: distribution for level spacing S = z; — z P(S) = ie‘sz/(‘l‘ﬂ)'

202

30

mean level spacing (S) = /OOO dS SP(S) = /no. s =S/(S)



Wignher surmise

S . )
distribution P(S) = ﬁe_sz/(‘l‘ﬂ). for level spacing S = z; — x5 :

mean level spacing (S) = / dS SP(S) = /7o
0
Wigner surmise for s =5/(S): P(s)= ~se ™ /* universal curve

many RBM training runs, stochasticity due to mini-batches, collect histograms of x;

vary learning rate and batch size [no ordering of eigenvalues by hand, induces bias!]

31



5 6 ‘

Wigner surmise: 4 degenerate pairs

P(S) = D _gS*/(t") (S) = /mo P(s) = gse"“s2/4

202

— Wigner surmise -

0.8 .
! data collapse
0.6 |
y universality
0.4 |
0.2 |
0.0

32




Wigner surmise: vary learning rate and batch size

prediction:

) - 0.5 — T
o; = (o/|Bl) (37/%%) ol @ Bl

. t % o o
linear dependence on (a/|B]) 0.3k %X/ l
o | x -
> 0.2F w i
mean level spacing : i
0.1f .
(S1) = m\/ (/1B (@ /) (ol _am = 227504 0.0826

_ aﬁt\/(a/|3|)(l€?ﬂi) (()).OO 0.05 0.10 0.15 0.20

\/%KZQ

non-universal parameters as well .

fit function includes



0.30;
0.25/
0.20}

Wigner semi-circle £ or

0.10f

o spectral density: p(z < 25 T — > zzz

o fortwo modes: /(207
€
— 2e” + V2 L Frf
o) = 4 /mo [ r( 20)}

o broadened and flattened Gaussian

o fit o parameter and position for each doubly degenerate mode

34



o—22/(20%)

p(z) = v 2e~7/7) 4 \/or= Erf(\/%)]

Wigner semi-circle

o fit to semi-circle for two different x; values with fixed learning rate and batch size

o Binder cumulant Uy = —4/27 =~ —0.148 for semi-circle (vanishes for Gaussian)

].0 | ! | ! ! | ! I T ].O ! | ! | : ! I T I
- —— p(2;1.37,0.04) | Uy = —0.164 -~ pla;4.61,0.08) | Uy = —0.140 |

8 --mme- s —— p? — Kk = 4.62 T

6 1 6F -

4 | _ —

2 | _ —

01f0 5.0




Wigner semi-circle and surmise

semi-circle

dependence on learning rate/batch size

0.5
0.4}
5 0.3F

= |
> 0]

0.1

7’

’

2%

A

7’

agt = 2.2901 £ 0.0296

0000

0.05 0.10 0.15 0.20

o 2
|B|’£Q

S

)

~~—

consistency between surmise

and semi-circle fits

0.5

0.3

0.1

0.4

0.2

08
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Wigner surmise and semi-circle

v parameter o scales as: o; = (a/|B|) (37/%%)

universal scaling model-dependent
v' stochasticity leads to universal features in trained models
v" derived that learning rate and finite batch size appear as ratio

v' previously observed as empirical linear scaling rule

37



Eigenvalue repulsion

104 ' I ' I ' I

Coulomb interaction between all
eigenvalues

1.02F — -

. | JEOUPRE ot o
learned eigenvalue/target x*gg gHeo
B -
x....
. \p . TE.@..
repulsion for nonzero Z g
learning rate/batch size 0.98 A .
..::::::::ZX:;:::_.

no “perfect learning” unless 0.96F - s @ .
stochasticity vanishes L ke g

0.94

00000 0.002  0.004 0006  0.008

overfitting, generalisation, ...
a/|B|



Non-universal dynamics

O

O

O

O

distribution P,({x;})

Z

RBM specific drift K;(x;) =

i<j

1
Ki W — i

consider this for one mode only (drop the index)

V(z) = —/xda:'K(:c’)

stationary distribution

Py(z) =

I _
—e

Z

V(z)/g® _

1

1132

=—— —z—pu’log (u* — )

2K

16
— €X
7 %P

|

1

g2

(

$’2

%—I—x—l—;flog

) z; determines potential V;(x;)

(v —fv))]
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Time-dependent dynamics

assume continuous time limit exists
analyse FPE for one mode:  8,P(z,7) = 8, (¢°0, — K(z)) P(z, 1)

solve using standard stochastic quantisation/FP methods: P(z,7) = \/ Ps(x)¥(z, 7)

evolution:  0,(z,7) = (504 ~ 13 V@) + 5 [V @)] ) ¥(a,7) = ~2Heri(z, )
1
[ —
Fokker-Planck Hamiltonian: Hgp = %LTL L' = —g0; + 29830‘/(5”)

1
L= x ~ Yz 40
+g0, + 293 V(x)



Quantum-mechanical bound state problem

o Hpp = %LTL eigenvalue problem: Hypt),(z) = E, 1, (x)
g 1
o explicit form: Hpp = —?(’ﬁ + U(z) U(z) = = [Uo(z) + 9°Ur ()]
N7 71— 11— g
pelp? =9,k =4, ¢% = 0.01 i UO( ) g [8 V( )]

Uy («) = —;02V (o)

double well potential oninterval 0 < z < u2

41




Quantum-mechanical bound state problem

o Hypn(z) = E b, (x) ground state exactly known: ¢y(x) = 1/ Ps(x)

o width of solution depends on strength of the noise 92 . better description of target

3.0

2.5

2.0

1.5

1.0

3.0

2.5

20

1.5

1.0

0.5

0.0

- tho(x) =/ Ps(x)
-l =9,k =4,9%=0.001




Full time-dependent dynamics: learning

Histogram fort = 0.0

2.00

combine Coulomb repulsion and drift

1.75 A

1.50 A

from Marchenko-Pastur distribution

=
N
w

to stochastic target distribution

distribution
(=]
o
o

©
~
&)

10 modes, 4 doubly degenerate ones

o
wu
o

0.25 -

dynamics of P({z;},t) described by FPE 000

effective description of learning dynamics in terms of eigenvalues

43




Second application: Transformers

o Gaussian RBM has one weight matrix, target spectrum is known, essentially solvable
in more advanced architectures:

o many weight matrices, target spectra not known, do they even exist?

o what is the loss function landscape? localised minima, flat directions, ... ?

o empirical study following dynamics of eigenvalues of X = W!W

GA, O Hajizadeh, B Lucini, C Park, NeurlIPS 2024 workshop ML and the Physical Sciences, 2411.13512 [cond-mat.dis-nn]



https://arxiv.org/abs/2411.13512

Transformer: nano-GPT

four attention blocks with each four attention heads

each attention head: one key (K), one query (Q) and one value (/) matrix

about 2.1 X 10° parameters

O O O O O

use AdamW optimiser
(highly adaptive stepsize during training)

o trained on opus of Shakespeare

Entire input sequence

matrix sizes: M X N = 64 X 16 Main Points of Transformer Architecture

DECODER

Output embedding

!

Tokenization

!

Previous output

45
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Transformer: empirical analysis

o initialisation: eigenvalues of X = WXW follow Marchenko-Pastur distribution

A
s _
Pyp (2;0%, A) = o——+/ (@4 —2)(z —2-) 0(z4 —2)0(z — z)
3.0 T I T I T I T I T
I —— MP Fit 02:0.34,4:0.99 1
2.5 Bl Histogram, Iteration:0

2.0
E15
1.0

0.5

O'%.O 0.2 0.4 0.6 0.8 1.0



Transformer: empirical analysis

o appearance of tail in distribution (shown K matrix of layer 1)
o part of spectrum described by Marchenko-Pastur distribution is reduced, 4 < 1

o use area A and width a2 as fit parameters during evolution

3.0 ) T ) T j T j T j 1.50 T T T T T T T T T T T 1.0 T T T T T T T T T
I —— MP Fit ¢%:0.34,A:0.99 1 - —— MP Fit ¢?:0.60,4:0.90 1 - —— MP Fit ¢%:0.76, A : 0.80 -
B Histogram, Iteration:5000

B Histogram, Iteration:0 7 1.25 B [Histogram, Iteration:1000 0.8
1.00
20.75

0.50

0.25

0. .
%.O 0.2 0.4 0.6 0.8 1.0 0 O%.O 0.5 1.0 1.5 2.0 2.5 3.0
x

iteration O iteratioxn 1000 iteration 5000



Transformer: empirical analysis

o evolution of area A and width o during evolution (shown K matrix for all four layers)

1.00

0.95

0.90 -

Area

0.85

0.80

0.75

15-25% of spectral weight moves to the tail

:

*#

< 0 O &

Layer
Layer
Layer
Layer

w oo = o
1 1

1000

5000

0.8

0.7

0.6

0.5

0.4f

0.3

MP distribution broadens due to Brownian48motion

0.9F

L & La 0 I I:
¢ Lai 1 +
¢ Layer 2 ]
¢ Layer3 + ]
- . $ -
+ ]
_ ; ¥
: !
- t o ;
o0 ¢ +
r iﬁ ¢ ]
F3300
a *ﬂ* 1. :
o840
0 ;
(I) — 10|00 ' ” 20|00 — 30|00 ' ' 40|00 — 50|00
Tteration



Transformer: Wigner surmise

o short-distance fluctuations: level spacing described by Wigner surmise

o remains approximately described by RMT for real, symmetric matrices

1 . O T T T T T T T T T 1 . O T T T T T T T T T 1 . 0 T T T T T T T T
——  Wigner surmise 1 : ——  Wigner surmise : - ——  Wigner surmise

B Histogram, [teration:5000

1
e
oo

B Histogram, Iteration:0 Bl Histogram, [teration:1000

=
00
—

1
o
09
T T

I 5 I
0.4 . 0.4 .
0.2 y 0.2 .
O'OO 1 2 3 4 5 O'OO 1 2 3 4 5
s s s

iteration O iteration 1000 iteration 5000



Transformer: empirical analysis

requires further understanding:

o what s the “final” target spectrum? does it even exist?

o tail drops as a power, what does this imply? can the power be understood?
significant part of the spectrum remains MP: random matrix elements

o how relevant is this part of the spectrum? remove? sparse weight matrices?

see also CH Martin, MW Mahoney, Traditional and Heavy-Tailed Self Regularization in Neural Network Models, 1901.08276

50


https://arxiv.org/abs/1901.08276

summary

o stochastic weight matrix dynamics has universal features described by RMT
o manifests in eigenvalue repulsion, quantified by Wigner surmise and semi-circle
o fundamental limitation of learning for finite learning rate and batch size

o stochasticity controlled by learning rate/batch size: reduce ratio to improve

agreement with target distribution, but stochasticity allows for generalisation



Outlook

O

O

O

O

Dyson Brownian motion is present at “microscopic” level

how does it manifest itself for more advanced architectures?

is there universality beyond level repulsion (power law tails)?

what are the practical implications? description of learning, algorithmic advances?



